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T7 flavor symmetry scheme for understanding neutrino mass and mixing in
3-3-1 model with neutral leptons
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Department of Physics, Tay Nguyen University,
567 Le Duan, Buon Ma Thuot, DakLak, Vietnam
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We construct a new version for the 3-3-1 model based on T7 flavor symmetry where the
left-handed leptons under T7 differ from those of our previous work while the SU(3)C ⊗
SU(3)L ⊗ U(1)X gauge symmetry is retain. The flavor mixing patterns and mass splitting
are obtained without perturbation. The realistic lepton mixing can be obtained if both the
direction of breakings T7 → Z3 and Z3 → {Identity} are taken place in neutrino sector.
Maximal CP violation is predicted and CKM matrix is the identity matrix at the tree-level.
PACS numbers: 14.60.Pq, 14.60.St, 12.60.Fr, 11.30.Er
I. INTRODUCTION
Despite the great success of the Standard Model (SM) of the elementary particle physics, the
origin of flavor structure, masses and mixings between generations of matter particles are unknown
yet. The neutrino mass and mixing is one of the most important evidence of beyond Standard
Model physics and also one of the biggest challenges in particle physics. Many experiments show
that neutrinos have tiny masses and their mixing is sill mysterious [1–7]. The tri-bimaximal form
for explaining the lepton mixing scheme was first proposed by Harrison-Perkins-Scott (HPS), which
apart from the phase redefinitions, is given by [8–11]
UHPS =


2√
6
1√
3
0
− 1√
6
1√
3
1√
2
− 1√
6
1√
3
− 1√
2

 , (1)
which can be considered as a good approximation for the recent neutrino experimental data. The
best fit values of neutrino mass squared differences and the leptonic mixing angles in Refs.[12, 13]
have been given in Tables I and II. These large neutrino mixing angles are completely different from
the quark mixing ones defined by the Cabibbo- Kobayashi-Maskawa (CKM) matrix [15]. This has
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2TABLE I: The experimental values of neutrino mass squared splittings and leptonic mixing parameters,
taken from Refs. [12, 13] for normal hierarchy.
Parameter Best fit 1σ range 2σ range
∆m221(10
−5eV2) 7.62 7.43− 7.81 7.27− 8.01
∆m2
31
(10−3eV2) 2.55 2.64− 2.61 2.38− 2.68
sin2 θ12 0.320 0.303− 0.336 0.29− 0.35
sin2 θ23 0.613 0.573− 0.635 0.38− 0.66
sin2 θ13 0.0246 0.0218− 0.0275 0.019− 0.03
TABLE II: The experimental values of neutrino mass squared splittings and leptonic mixing parameters,
taken from Refs. [12, 13] for inverted hierarchy.
Parameter Best fit 1σ range 2σ range
∆m2
21
(10−5eV2) 7.62 7.43− 7.81 7.27− 8.01
∆m2
31
(10−3eV2) 2.43 2.37− 2.50 2.29− 2.58
sin2 θ12 0.32 0.303− 0.336 0.29− 0.35
sin2 θ23 0.60 0.569− 0.626 0.39− 0.65
sin2 θ13 0.025 0.0223− 0.0276 0.02− 0.03
stimulated work on flavor symmetries and non-Abelian discrete symmetries, which are considered
to be the most attractive candidate to formulate dynamical principles that can lead to the flavor
mixing patterns for quarks and lepton. There are many recent models based on the non-Abelian
discrete symmetries, for example, see Ref.[14] and references there in.
In the SM, CP symmetry is violated due to a complex phase in the CKM matrix [15, 16].
However, since the extent of CP violation in the SM is not enough for achieving the observed
BAU, we need new source of CP violation for successful BAU. On the other hand, CP violations in
the lepton sector are imperative if the BAU could be realized through leptogenesis. So, any hint or
observation of the leptonic CP violation can strengthen our belief in leptogenesis [17]. The violation
of the CP symmetry is a crucial ingredient of any dynamical mechanism which intends to explain
both low energy CP violation and the baryon asymmetry. Renormalizable gauge theories are based
on the spontaneous symmetry breaking mechanism, and it is natural to have the spontaneous CP
violation as an integral part of that mechanism. Determining all possible sources of CP violation
3is a fundamental challenge for high energy physics. In theoretical and economical viewpoints, the
spontaneous CP breaking necessary to generate the baryon asymmetry and leptonic CP violation
at low energies brings us to a common source which comes from the phase of the scalar field
responsible for the spontaneous CP breaking at a high energy scale [17].
Among the standard model’s extensions, the 3-3-1 models have interesting features which have
been introduced in Refs.[14, 18–24]. In Refs. [18, 19] we have studied the 3-3-1 model with neutral
fermions based on A4 and S4 groups, in which the exact tribimaximal form is obtained, where
θ13 = 0. As we know, the recent considerations have implied θ13 6= 0 as shown in Tables I, II.
This problem has been improved in the 3-3-1 model with other non-Abelian discrete symmetries
[14, 20–24]. In Ref. [14] we have studied the 3-3-1 model with neutral fermions based on T7 group,
in which all three left-handed fermion fields are set in one triplet 3 under T7. In this paper, we
investigate another choice for this type of 3-3-1 model based on T7 discrete symmetry in which
three left-handed lepton fields are put in the 3∗ instead of 3 under T7, and the 3 generations of
right-handed lepton singlets are put, respectively, in the 1, 1′′ and 1′ instead of 1, 1′ and 1′ of T7.
The motivation for the change to our previous work studied in Ref.[14] is derived from a useful
feature of tensor products of T7 group. Namely, 3 ⊗ 3 ⊗ 3 or 3∗ ⊗ 3∗ ⊗ 3∗ has two invariants and
3⊗3⊗3∗ or 3∗⊗3∗⊗3 has one invariant. Hence, we can propose another choice of fermion content
of the model to obtain desired results. The motivation for extending the above application to the
3-3-1 models with the neutral fermions NR is mentioned in [18–20].
The rest of this work is organized as follows. In Sec. II and III we present the necessary
elements of the model as well as introducing necessary Higgs fields responsible for the charged
lepton masses. Sec. IV is devoted for the neutrino mass and mixing. We summarize our results
and make conclusions in the section V.
II. FERMION CONTENT
The fermion content of the model is similar to that in [14] except three left-handed fermions
with T7 symmetry. Under the [SU(3)L,U(1)X ,U(1)L, T 7] symmetries as proposed, the fermions of
the model transform as follows
ψL ≡ ψ1,2,3L = (νL lL N cR)T ∼ [3,−1/3, 2/3, 3∗],
l1R ∼ [1,−1, 1, 1], l2R ∼ [1,−1, 1, 1′′], l3R ∼ [1,−1, 1, 1′]. (2)
4where the subscript numbers on field indicate to respective families which also in order define
components of their T7 multiplets. In the following, we consider possibilities of generating the
masses for the fermions. The scalar multiplets needed for the purpose are also introduced.
III. CHARGED LEPTON MASSES
The charged lepton masses arise from the couplings of ψ¯Ll1R, ψ¯Ll2R and ψ¯Ll3R to scalars, where
ψ¯LliL (i = 1, 2, 3) transforms as 3
∗ under SU(3)L and 3∗ under T7. To generate masses for charged
leptons, we need a SU(3)L Higgs triplets that lying in 3 under T7 and transforms as 3 under
SU(3)L,
φi =


φ+i1
φ0i2
φ+i3

 ∼ [3, 2/3,−1/3, 3
∗] (i = 1, 2, 3). (3)
In this work, we argue that T7 → Z3 in charged - lepton sector is taken place, and this can be
achieved by the Higgs triplet φ with the VEV alignment 〈φ〉 = (〈φ1〉, 〈φ1〉, 〈φ1〉) under T7[14], where
〈φ1〉 = (0 v 0)T . (4)
The Yukawa interactions are
− Ll = h1(ψ¯Lφ)1l1R + h2(ψ¯Lφ)1′ l2R + h3(ψ¯iLφ)1′′ l3R +H.c
= h1(ψ¯1Lφ1 + ψ¯2Lφ2 + ψ¯3Lφ3)l1R
+ h2(ψ¯1Lφ1 + ωψ¯2Lφ2 + ω
2ψ¯3Lφ3)l2R
+ h3(ψ¯1Lφ1 + ω
2ψ¯2Lφ2 + ωψ¯3Lφ3)l3R +H.c. (5)
The mass Lagrangian for the charged leptons is then given by
− Lmassl = h1vl¯1Ll1R + h2vl¯1Ll2R + h3vl¯1Ll3R
+ h1vl¯2Ll1R + h2vωl¯2Ll2R + h3vω
2 l¯2Ll3R
+ h1vl¯3Ll1R + h2vω
2l¯3Ll2R + h3vωl¯3Ll3R +H.c. (6)
The mass Lagrangian for the charged leptons reads
− Lmassl = (l¯1L, l¯2L, l¯3L)Ml(l1R, l2R, l3R)T +H.c, (7)
5where
Ml =


h1v h2v h3v
h1v ωh2v ω
2h3v
h1v ω
2h2v ωh3v

 . (8)
This matrix can be diagonalized as,
U †LMlUR =


√
3h1v 0 0
0
√
3h2v 0
0 0
√
3h3v

 ≡


me 0 0
0 mµ 0
0 0 mτ

 , (9)
where
UL =
1√
3


1 1 1
1 ω ω2
1 ω2 ω

 , UR = 1. (10)
We note that the charged - lepton mixing matrix in (10) is different to that of in Ref. [14]. This
leads to the difference of the lepton mixing matrix of these two versions, and this is the main result
of this work.
The experimental values for masses of the charged leptons at the weak scale are given as [26] :
me = 0.511MeV, mµ = 105.658 MeV, mτ = 1776.82MeV (11)
from which it follows that h1 ≪ h2 ≪ h3. On the other hand, if we choose the VEV v ∼ 100GeV
then h1 ∼ 10−6, h2 ∼ 10−4, h3 ∼ 10−2.
In similarity to the charged lepton sector, to generate the quark masses, we additionally in-
troduce the two scalar Higgs triplets η, χ respectively lying in 3 and 1 under T7. By assum-
ing that the VEVs of η and χ are given as 〈η〉 = (〈η1〉, 〈η1〉, 〈η1〉) with 〈η1〉 = (u 0 0)T and
〈χ〉 = (0 0 vχ)T , from the invariant Yukawa interactions, the exotic quarks therefore get masses
[14]: mU = f3vχ, mD1,2 = f1,2vχ, and the masses of ordinary up-quarks and down-quarks are
mu = −
√
3hu1v, mc = −
√
3hu2v, mt =
√
3hu3u,
md =
√
3hd1u, ms =
√
3hd2u, mb =
√
3hd3v. (12)
The unitary matrices which couple the left-handed quarks uL and dL to those in the mass bases are
unit ones. The CKM quark mixing matrix at the tree level is then UCKM = U
†
dLUuL = 1. This is a
good approximation for the realistic quark mixing matrix, which implies that the mixings among
6the quarks are small. To obtain a realistic quark spectrum, we should add radiative correction
or use the effective six-dimensional operators (see Ref. [25] for details). However, we leave this
problem for the future work. A detailed study on charged lepton and quark masses can be found in
Ref. [20]. In this paper, I consider a new version for the 3-3-1 model based on T7 flavor symmetry
responsible for neutrino mass and mixing.
IV. NEUTRINO MASS AND MIXING
The neutrino masses arise from the couplings of ψ¯cLψL to scalars, where ψ¯
c
LψL transforms as
3∗⊕6 under SU(3)L and 3∗⊕3⊕3 under T7. To obtain a realistic neutrino spectrum, the antisextets
transform as follows
σi =


σ011 σ
+
12 σ
0
13
σ+12 σ
++
22 σ
+
23
σ013 σ
+
23 σ
0
33


i
∼ [6∗, 2/3,−4/3, 3], (13)
si =


s011 s
+
12 s
0
13
s+12 s
++
22 s
+
23
s013 s
+
23 s
0
33


i
∼ [6∗, 2/3,−4/3, 3∗], (14)
σ′i =


σ′011 σ
′+
12 σ
′0
13
σ′+12 σ
′++
22 σ
′+
23
σ′013 σ
′+
23 σ
′0
33


i
∼ [6∗, 2/3,−4/3, 3], (i = 1, 2, 3) (15)
The alignments of anti-sextets were explained in Ref.[14]. In this work we also argue that both
the breakings T7 → Z3 and T7 → {identity} (Instead of Z3 → {identity}) must be taken place in
neutrino sector. However, the VEVs of σ does only one of these tasks. These happen with the
VEVs alignments as follows [14]:
〈σ〉 = (〈σ1〉, 〈σ1〉, 〈σ1〉), 〈σ1〉 =


λσ 0 vσ
0 0 0
vσ 0 Λσ

 , (16)
〈s〉 = (〈s1〉, 0, 0)T , 〈s1〉 =


λs 0 vs
0 0 0
vs 0 Λs

 , (17)
7〈σ′〉 = (〈σ′1〉, 0, 0)T , 〈σ′1〉 =


λ′σ 0 v′σ
0 0 0
v′σ 0 Λ
′
σ

 . (18)
Note that the alignments of anti-sextets σ, s, σ′ are the same as those in Ref.[14], the unique
difference is under T7 representations. The Yukawa interactions in the neutrino sector are:
− Lν = 1
2
x(ψ¯cLσ)3∗ψL + y(ψ¯
c
Ls)3∗ψL +
z
2
(ψ¯cLσ
′)3∗ψL +H.c.
=
1
2
x(ψ¯c1Lσ2ψ1L + ψ¯
c
2Lσ3ψ2L + ψ¯
c
3Lσ1ψ3L)
+ y(ψ¯c2Ls3ψ1L + ψ¯
c
3Ls1ψ2L + ψ¯
c
1Ls2ψ3L)
+
z
2
(ψ¯c1Lσ
′
2ψ1L + ψ¯
c
2Lσ
′
3ψ2L + ψ¯
c
3Lσ
′
1ψ3L) +H.c. (19)
Although the Yukawa interactions in Eq.(19) are differ from the one give in Ref.[14], the mass
terms for the neutrino sector are the same, which is given by
− Lmassν =
1
2
x(λσν¯
c
1Lν1L + vσν¯
c
1LN
c
1R + vσN¯1Rν1L + ΛσN¯1RN
c
1R)
+
1
2
x(λσν¯
c
2Lν2L + vσν¯
c
2LN
c
2R + vσN¯2Rν2L + ΛσN¯2RN
c
2R)
+
1
2
x(λσν¯
c
3Lν3L + vσν¯
c
3LN
c
3R + vσN¯3Rν3L + ΛσN¯3RN
c
3R)
+ y(λsν¯
c
3Lν2L + vsν¯
c
3LN
c
2R + vsN¯3Rν2L + ΛsN¯3RN
c
2R)
+
1
2
z(λ′σ ν¯
c
3Lν3L + v
′
σν¯
c
3LN
c
3R + v
′
σN¯3Rν3L + Λ
′
σN¯3RN
c
3R) +H.c. (20)
Therefore, neutrino mass and mixing are the same as those in Ref.[14]. Namely,
m1 =
1
2
(
B1 +B2 +
√
(B1 −B2)2 + 4C2
)
,
m2 = A, (21)
m3 =
1
2
(
B1 +B2 −
√
(B1 −B2)2 + 4C2
)
,
and
Uν =


0 1 0
1√
K2+1
0 K√
K2+1
− K√
K2+1
0 1√
K2+1

 .


1 0 0
0 1 0
0 0 i

 , (22)
where
A = aL − a
2
D
aR
,
8B1 = aL − aRb
2
D − 2aDbDbR + a2D(aR + dR)
a2R − b2R + aRdR
B2 = B1 + dL +
2(bDbR − aDaR)dD + (a2D − b2D)dR − aRd2D
a2R − b2R + aRdR
,
C = bL − (a
2
D + b
2
D)bR − (2aDaR + aDdR)bD + (aDbR − aRbD)dD
a2R − b2R + aRdR
, (23)
and
K =
B1 −B2 −
√
4C2 + (B1 −B2)2
2C
. (24)
with aL,D,R, bL,D,R and cL,D,R are given in Eq. (5.15) in Ref.[14].
Combining (10) and (22), we get the lepton mixing matrix:
Ulep = U
†
LUν =
1√
3


1−K√
K2+1
1 1+K√
K2+1
ω(ω−K)√
K2+1
1 ω(Kω+1)√
K2+1
ω(1−Kω)√
K2+1
1 ω(ω+K)√
K2+1

 .


1 0 0
0 1 0
0 0 i

 . (25)
It is worth noting that in this version the lepton mixing matrix in (25) takes a similar form but not
identical to that in Ref.[14]. The unique difference is the role of K in the lepton mixing matrix Ulep.
On the other hand, the matrix Ulep given in (25) is slightly different from UHPS in (1), but similar
to the original version of trimaximal mixing considered in Ref. [27, 28] which is based on the ∆(27)
group extension of the Standard Model. Although there are some phenomenological predictions of
the model are similar to those in Ref. [27, 28] but the fundamental difference between our model
with the well known one is the prediction of CP violation. Namely, our model predicts maximal
CP violation δ = π/2 with θ23 6= π/4 whereas in Ref. [27], the maximal CP violation δ = π/2, 3π/2
achieved with θ23 = π/4.
In the standard Particle Data Group (PDG) parametrization, the lepton mixing matrix (UPMNS)
can be parametrized as
UPMNS =


c12c13 −s12c13 −s13e−iδ
s12c23 − c12s23s13eiδ c12c23 + s12s23s13eiδ −s23c13
s12s23 + c12c23s13e
iδ c12s23 − s12c23s13eiδ c23c13

× P, (26)
where P = diag(1, eiα, eiβ), and cij = cos θij, sij = sin θij with θ12, θ23 and θ13 being the solar
angle, atmospheric angle and the reactor angle respectively. δ is the Dirac CP violating phase
while α and β are the two Majorana CP violating phases.
By comparing Eqs. (25) and (26) we obtain α = 0, β = pi2 for the two Majorana phases, and the
lepton mixing matrix in (25) can be parameterized in terms of three Euler’s angles θij as follows:
s13e
−iδ =
−1−K√
3
√
K2 + 1
, (27)
9t12 =
√
K2 + 1
K − 1 , (28)
t23 = −1 +Kω
ω +K
. (29)
Substituting ω = −12 + i
√
3
2 into (29) yields:
K = k1 + ik2,
k1 =
1
2
t223 − 4t23 + 1
t223 − t23 + 1
, k2 =
√
3
2
1− t223
t223 − t23 + 1
. (30)
The expression (30) tells us that k21 + k
2
2 ≡ |K|2 = 1. Combining (27) and (28) yields:
e−iδ =
1√
3s13t12
1 +K
1−K =
i
s13t12
1− t23
1 + t23
≡ cos δ − i sin δ
or
cos δ = 0, sin δ =
t23 − 1
s13t12(t23 + 1)
. (31)
Since cos δ = 0 so that sin δ must be equal to ±1, it is then δ = pi2 or δ = 3pi2 . However, to fit
the data in Tab. I and Tab. II, δ = pi2 is used. Thus, this version predicts the maximal Dirac
CP violating phase which is the same as our previous work and also similar to the results in Refs.
[27, 28]. We emphasize that the maximal CP violation δ = pi2 in our model achieved with θ23 6= π/4
in contrast to that in Refs.[27, 28], and this is one of the most striking prediction of the model
under consideration. In the case δ = pi2 , from (31) we have the relation among three Euler’s angles
as follows:
t23 =
1 + s13t12
1− s13t12 =
√
1− sin2 θ12 +
√
sin2 θ12 sin
2 θ13√
1− sin2 θ12 −
√
sin2 θ12 sin
2 θ13
. (32)
(i) For the best fit values of θ12 and θ13,in the normal case, given in Table I, sin
2 θ12 = 0.320
and sin2 θ13 = 0.0246, we obtain t23 = 1.24113 (θ23 = 51.141
o), and
K = −0.932872 − 0.360207i, (|K| = 1). (33)
The lepton mixing matrix in (25) then takes the form:
U ≃


0.831055 0.57735 0.154874
−0.549652 0.57735 −0.797152
−0.281403 0.57735 0.642278

 . (34)
The value of the Jarlskog invariant JCP which determines the magnitude of CP violation in
neutrino oscillations is determined [29]:
JCP =
1
8
cos θ13 sin 2θ12 sin 2θ23 sin 2θ13 sin δ = 0.034865. (35)
10
(ii) In a similarity way, for the best fit values of θ12 and θ13,in the inverted case, given in Table
II, sin2 θ12 = 0.320 and sin
2 θ13 = 0.0250, we obtain t23 = 1.24332 (θ23 = 51.190
o), and
K = −0.931818 − 0.362925i, (|K| = 1). (36)
The lepton mixing matrix in (25) then takes the form:
U ≃


0.831298 0.57735 0.156174
−0.5509 0.57735 −0.798012
−0.2804 0.57735 0.641839

 . (37)
The value of the Jarlskog invariant JCP is determined [29]:
JCP = 0.03512. (38)
Up to now the values of neutrino masses (or the absolute neutrino masses) as well as the mass
ordering of neutrinos is unknown. The neutrino mass spectrum can be the normal mass hierarchy
(|m1| ≃ |m2| < |m3|), the inverted hierarchy (|m3| < |m1| ≃ |m2|) or nearly degenerate (|m1| ≃
|m2| ≃ |m3|). The mass ordering of neutrino depends on the sign of ∆m223 which is currently
unknown. From (21),(33) or(36) and the two experimental constraints on squared mass differences
of neutrinos as shown in Tab.I and Tab.II, we have the solutions as shown below.
A. Normal case (∆m223 > 0)
In this case, combining (21), (24) with the two experimental constraints on squared mass dif-
ferences of neutrinos as shown in Tab. I, we get a solution (in [eV]) as follows:
C = 0.5
√
ǫ1 − 2√ǫ2, B1 = B2 + (6.98504 × 10−7 − 0.720414i)C,
B2 = −0.5
√
4A2 − 0.0003048 − (3.49252 × 10−7 − 0.360207i)C
− 0.5
√
(3.481 − 1.00642 × 10−6i)C2,
m1 = −0.5
√
4A2 − 0.0003048, m2 = A,
m3 = −0.5
√
4A2 − 0.0003048 −√Γ− (39)
where
ǫ1 = 0.00275507 + 7.96543 × 10−10i+ (2.29819 + 6.6445 × 10−7i)A2,
ǫ2 = −2.48903 × 10−7 − 1.43925 × 10−13i+ (0.00316583 + 1.83061 × 10−9i)A2
11
+ (1.32042 + 7.63516 × 10−7i)A4,
Γ− = 0.0023976 − 1.03398 × 10−25i+ (2− 1.05879 × 10−22i)A2
− (1.7405 − 5.03212 × 10−7i)√ǫ2. (40)
In Fig. 1 we have plotted the absolute values |m1,3| as functions of m2 with m2 ∈
(0.00867, 0.05) eV. This figure shows that there exist allowed regions for values m2 (or A) where ei-
ther normal or quasi-degenerate neutrino masses spectrum is achieved. The quasi-degenerate mass
hierarchy is obtained when |A| lies in a region [0.05 eV,+∞] (|A| increases but must be small enough
because of the scale of m1,2,3). The normal mass hierarchy will be obtained if |A| takes the values
around (0.0087, 0.01) eV. The Fig. 2 gives the sum
∑
=
∑3
i=1 |mi| with m2 ∈ (0.0087, 0.05) eV.
0.02 0.03 0.04 0.05
0.01
0.02
0.03
0.04
0.05
0.06
0.07
 2m eV
 1,2,3m eV
: 1m
: 2m
: 3m
FIG. 1: |m1,3| as functions of m2 with m2 ∈ (0.00867, 0.05) eV in the case of ∆m223 > 0.
FIG. 2: The sum
∑
=
∑3
i=1 |mi| as a function of m2 with m2 ∈ (0.00867, 0.05) eV in the case of ∆m223 > 0.
From the expressions (21), (25), it is easily to obtain the effective mass 〈mee〉 governing neu-
trinoless double beta decay [30–35],〈mee〉 =|
∑3
i=1 U
2
eimi | and mβ =
√∑3
i=1 |Uei|2m2i which
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have been studied in detailed in [14]. In the normal spectrum, |m1| ≈ |m2| < |m3|, so
m1 ≡ mlight is the lightest neutrino mass. In Fig. 3 we have plotted the value |mee|, |mβ|
and |mlight| as functions of m2 with m2 ∈ (0.0087, 0.05) eV. To get explicit values of the model
FIG. 3: |mee|, |mβ | and |mlight| as functions of m2 from (39) in the case of ∆m223 > 0 with m2 ∈
(0.00867, 0.05) eV.
parameters, we assume m2 = 10
−2 eV, which is safely small. Then the other neutrino masses
are explicitly given as m1 ≃ −5.298 × 10−3 eV, m2 ≃ 10−2 eV, m3 ≃ −4.95 × 10−2 eV and
|mee| ≃ 1.09 × 10−3 eV, |mβ| ≃ 1.178 × 10−2 eV.
B. Inverted case (∆m2
23
< 0)
Similar to the normal case, in this case we also have a solution as follows:
C = 0.5
√
α1 − 2
√
β1, B1 = B2 + (6.98504 × 10−7 − 0.720414i)C,
B2 = 0.5
√
4A2 − 0.0003048 − (3.49252 × 10−7 − 0.360207i)C
− 0.5
√
(3.481 − 1.00642 × 10−6i)C2,
m1 = 0.5
√
4A2 − 0.0003048, m2 = A,
m3 = 0.5
√
4A2 − 0.0003048 −√γ−, (41)
where
α1 = (−0.00296742 − 8.57938 × 10−10i) + (2.29819 + 6.6445 × 10−7i)A2,
β1 = 2.52163 × 10−7 + 1.4581 × 10−13i− (0.00340984 + 1.9717 × 10−9i)A2
+ (1.32042 + 7.63516 × 10−7i)A4,
13
γ− = −0.0025824 + 1.03398 × 10−25i+ (2− 1.05879 × 10−22i)A2
∓ (1.7405 − 5.03212 × 10−7i)√β1. (42)
The absolute value |m1,3| as functions of m2 with m2 ∈ (0.05, 0.1) eV is plotted in Fig. 4. This
figure shows that there exist allowed regions for value of m2 (or A) where either inverted or quasi-
degenerate neutrino mass hierarchy achieved. The quasi-degenerate mass hierarchy obtained when
|A| lies in a region [0.1 eV,+∞](|A| increases but must be small enough because of the scale of
m1,2,3). The inverted mass hierarchy will be obtained if A takes the values around (0.05, 0.1) eV.
Fig. 5 gives the sum
∑
with m2 ∈ (0.05, 0.1) eV. In the inverted spectrum, |m3| < |m1| ≃ |m2|,
FIG. 4: |m1,3| as functions of m2 in the case of ∆m223 < 0 with m2 ∈ (0.05, 0.1) eV.
FIG. 5: The sum
∑
as a function of m2 with m2 ∈ (0.05, 0.1) eV in the case of ∆m223 < 0.
and m3 ≡ mlight is the lightest neutrino mass. |mee|, |mβ| and |mlight| as functions of m2 with
m2 ∈ (0.05, 0.1) eV is plotted in Fig. 6.
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FIG. 6: |mee|, |mβ| and |mlight| as functions of m2 in the case of ∆m223 < 0 with m2 ∈ (0.05, 0.1) eV.
In similarity to the normal case, to get explicit values of the model parameters, we assume
m2 = 5 × 10−2 eV, which is safely small. Then the other neutrino masses are explicitly given as
m1 ≃ 4.925 × 10−2 eV and m3 ≃ 1.342 × 10−2 eV.
V. CONCLUSIONS
In this paper, we have modified the previous 3-3-1 model combined with T7 discrete symmetry to
adapt recent neutrino mixing with non-zero θ13. We have shown that the realistic neutrino masses
and mixings can be obtained if the two directions of breakings T7 → Z3 and Z3 → {Identity} are
taken place in neutrino sector and are equivalent in size, i.e, the contributions due to s, σ and s′
are comparable. The model predicts maximal CP violation with θ23 6= pi4 .
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